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Abstract 

We give a short and very general proof of the fact that the property of a dense Frechet 
subalgebra of a Banach algebra being local, or closed under the holomorphic functional 
calculus in the Banach algebra, is preserved by tensoring with the n x n matrix algebra of 
the complex numbers. 

Introduction 

We say that a dense subalgebra A of a Banach algebra B, having the same unit as S, 
is local [2], or closed under the holomorphic functional calculus in B if for each a G A and 
each function / holomorphic in a neighborhood of the spectrum of a in B, the element /(a) 
of B lies in A. If A is local in B, then the inclusion map l: A B induces an isomorphism 
of iiT-theories l^:K^{A) = K^{B) [5, VI.3], [3, Theorem A. 2.1]. This is one indication 
of the importance of local dense subalgebras. 

In §1, we introduce the notion of spectral invariance, and show that, if A is a Frechet 
algebra under some possibly stronger topology than that of B, then A is spectral invariant 
in S iff A is local in B. We then show that A is spectral invaraint in B iff every simple 
A-module (or algebraically irreducible representation of A) is contained in a S-module, 
and use this to give a simple proof that the nxn matrices Mn{A) are spectral invariant in 
Mn{B) iff A is spectral invariant in B. This result is useful in iiT-theory [10, Corollary 
7.9]. We conclude with several interesting examples. This paper is a portion of my Ph.D. 
thesis, written at the University of California at Berkeley, under the supervision of Marc 
A. Rieffel. 
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§1 An Equivalent Condition for Spectral Invariance. 

We show in this section that a dense subalgebra A of a topological Q-algebra B is 
spectral invariant in B if and only if all simple A-modules are contained in S-modules. 

Definition 1.1. By a topological algebra, we mean a topological vector space 
over a topological ring k with unit, with a A;-algebra structure for which multiplication is 
separately continuous. Let S be a topological algebra over a topological ring k with unit. 
Let A be a subalgebra. If B has no unit let B he B with unit adjoined, and let Ahe A with 
the same unit adjoined. If B has a unit, and A has the same unit, we let A = A, B = B. 
If B has a unit 1b and A has a different unit, we let B = B and A be the subalgebra of 
B generated by A and 1b- Note that in any case B is then a topological algebra, and A 
a subalgebra. If A is dense in B, then A is dense in B and B has the same unit as A if 
A is unital. We often make the additional assumption that the group mvB of invertible 
elements in B is open. If invB is open, we call B a Q-algebra (see [9]). If, in addition, 
inversion in B is continuous, we say that 5 is a good topological algebra (see [3]). 

We say that A is a spectral invariant (SI) subalgebra of B if the invertible elements 
of A are precisely those elements of A which are invertible in B. Note that A is SI in B if 
and only if for every a & A, the spectrum of a is the same in A and in B. 

By a Frechet algebra, we shall mean a Frechet space with an algebra structure for 
which multiplication is jointly continuous [13]. We say that a Frechet algebra is m-convex 
if its topology is given by a family of submultiplicative seminorms. An m-convex Frechet 
algebra has a holomorphic functional calculus [10, Lemma 1.3]. If B is an m-convex 

Frechet algebra and A is a subalgebra, we say that A is closed under the holomorphic 
functional calulus in B (or local in B [2]) if and only if for every a & A and / holomorphic 
in a neighborhood of spec^{a), the element /(a) of B lies in A. 

We say that ^ is a Frechet subalgebra of a topological algebra 5 if ^ is a Frechet 
algebra, and there exists an injective and continuous algebra homomorphism (called the 
inclusion map) f.A^B. 

Lemma 1.2. Let B be an m-convex Frechet Q-algebra and A a Frechet subalgebra. 
Then A is closed under the holomorphic functional calculus in B iff A is spectral invariant 
in B. 
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Proof: For note that if a e invB fl A, then /(A) = 1/A is holomorphic in a 
neighborhood of the closed set spec^{a) (compare [2, Proposition 3.1.3]). (We use 
invS open to see that spec^(a) is closed.) 

For first note that invA = invS fl A is open since invS is open and the inclusion 
map from A to S is continuous. It follows that A has holomorphic functional calculus 
[8] [13] which agrees with the holomorphic functional calculus on B. This fact is well 
known, but I have not been able to find it stated in the literature, so I will prove it 
here for convenience. Since mvA is open and ^ is a Frechet algebra, the inverse map 
X I— > in mvA is continuous [13, Chapter 7, Proposition 2]. If / is holomorphic in 
a neighborhood N of spec^{a), then A i— > /(A)(A — a)~^ is a well defined and continuous 
map from any closed curve F contained in AT — spec^{a). From this one checks that the 
integral expression 

has its partial Riemann sums converging in A. Thus /(a) e Ji.Q.E.D. 

We shall often call a simple module an irreducible representation. Irreducible will 
mean algebraically irreducible. We shall use the terminology module-representation and 
submodule-subrepresentation interchangably. 

To motivate Theorem 1.4, we consider the situation where the algebra B and its dense 
subalgebra A are commutative and unital Banach algebras. Then all simple ^-modules 
are in fact homomorphisms of A to C. If a is not invertible in A^ one can easily construct 
a homomorphism from A to C that has a in its kernel. If this homomorphism extends to a 
homomorphism from S to C, clearly a cannot be invertible in B (so if all homomorphisms 
of A extend to ones oi B^ A must be spectral invariant in B). 

Conversely, let /i be a homomorphism of ^ to C with no extension to a homomorphism 
of B. Assume that the kernel M of /i is not dense in B. Then the closure M is a proper 
ideal in B. By Zorn's lemma, M is contained in a maximal closed ideal N m. B. The 
quotient map 

B ^ B/N^C (Gelfand - MazurTheorem) 

gives an extension of the homomorphism h (it extends h since NnA = M by the maximality 
of M as an ideal in A). So since the homomorphism h has no extension, our assumption 
that M is not dense in B has led us to a contradiction. So M must be dense in B. Since B 
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is a Q-algebra, M must contain an invertible element of B which is contained in A. Since 
M is a proper ideal of A, this element is not invertible in A, and thus A is not spectral 
invariant in B. So A is SI in B iff every simple ^-module is contained in a S-module. We 
will generalize these observations in Theorem 1.4. 

In some literature ([3], [12]), the following more general setting is considered. 

Definition 1.3. Let S be a topological algebra and let (p:A^Bhean algebra 
homomorphism. We define A and B as in Definition 1.1. We say that A is spectral invariant 
in B if for all a G A, a is invertible in A whenever ip{a) is invertible in B. We say that an 
A-module V is contained in a S-module W if V W, V factors to a (p{A)-module, and 
the action of i? on 1^ is consistent with the action of (p{A) on V. 

We prove the following theorem in this setting. It is similar to [7, Theorem 2.4.16]. 

Theorem 1.4. Let B be a Q-algebra, and let (p: A ^ B be an algebra homomorphism 
with dense image. The following are equivalent: 

(i) A is spectral invariant in B. 

(ii) For every maximal left ideal N in A, we have ip~^{Lp{N) ) = N. 

{Hi) Every simple A-module V is contained in a B-module W . If so desired, W can 
be taken to be a simple B-module. 

The proof of [Hi) ^ {%) does not require invS open or ip{A) dense. 

Also, the B-module W constructed in our proof (of {ii) =^ {Hi)) inherits a natural 
topology, making it a continuous B-module for which the action of B is continuous (more 
precisely, the map {b,w) ^ bw from B x W to W is separately continuous). In this 
topology, V is dense in W . 

Proof: 

{i) =^ {ii). Assume is SI in S. Let be a maximal left ideal in A. Extend (/? in 
the natural way to a map (p-.A^B, again having dense image. Then N fl my A = so 
(p{N) n invB = by spectral invariance. Since invB is open in B, the closure (p{N) of 
(p{N) in S is a proper subset of B, and is also a left ideal in B. Since (p{A) is dense in 
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B, (p~^{(p{N)) ^ A. Thus (p~^{(p{N)) is a proper left ideal in A. Since this ideal contains 
N and N is maximal, we have (p~^{(p{N)) = N. (Note that any maximal left ideal of A 
therefore contains the kernel oi (p.) 

(a) (iii). Let be a simple ^-module. Extend to a Jl-module in the natural 
way. Let v E V, v ^ 0. Let N be the kernel of the map Jl — > F, a i— > av. This map is onto 
by simplicity, so F = A/N as A modules. Also by simplicity, N is a maximal left ideal, 
so by (a) we have (p~^{(p(N)) = N. Set M = (p(N). Then the map (f-.A^B gives the 
inclusion 

V ^ A/N C B/M (*) 

where B/M is a S-module. Take W = B/M. This proves (ii) ^ (iii). 

Clearly M is a closed ideal in S so VF inherits a natural topology in which V is dense. 
If we replace M with a maximal ideal in B containing (fi{N), we still have (fi~^{M) = N 
and so (*) continues to hold. Also M must be closed, so W = B/M is a simple (and 
continuous) 5-module extending the action of ^ on F and containing F as a dense subset. 

(Hi) =^ (i). Let a E A, (f{a)~^ E B — i^iA). We show that (Hi) is not satisfied. The 
element a cannot be left invertible in A (otherwise we would have (p{a)~^ £ (fi{A)). Hence 
< a >= Aa is a proper left ideal in A. By Zorn's lemma there is some maximal left ideal 
N in A containing < a >. View V = A/N as an ^-module. Since N is maximal, V is 
simple. Note that a[l] = [a] = 0, while [1] ^ 0. Hence, even if the kernel of (p acts trivially 
on V (so V factors to an (^(JL)-module), V cannot be contained in any 5-module since 
(p{a) is invertible in B. This proves the contrapositive of (Hi) (i). Note that we did not 
use the assumption that inv5 is open or that (f{A) is dense for this.Q.E.D. 

Corollary 1.5. Let B be a C*-algebra, and let A be a dense Frechet subalgebra. Then 
the following are equivalent. 

(1) . A is dosed under the holomorphic functional calculus in B . 

(2) . Every simple (possibly discontinuous) A-module is contained as a dense subspace 
of an irreducible * -representation of B on a Hilbert space. 
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Proof: Condition (1) is equivalent to the spectral invariance of ^ in 5 by Lemma 
1.2. Condition (2) is equivalent to condition (iii) of Theorem 1.4 if S is a C*-algebra by 
[6, Corollary 2.9.6(i)]. Q.E.D. 

As a point of interest, we remark that if A is a Q-algebra, then every simple A-module 
V is continuous for a natural topology. Namely choose v and let N be the set of a e A 
such that av = 0. Then N is closed by maximality and V = A/N gives the topology on 
V. 

Example 1.6. For an example where ip is not injective, and A is SI in B, let A be 
power series in two variables, C[[X, Y]], and let B be power series in one variable, C[[X]]. 
Define 

The units in both A and B arc any scries with a nonzero constant term, so A is SI in B. 
Both A and B are local rings (in the algebraic sense that they have a unique maximal 
ideal), having only one simple module given by evaluating ai X = Y = 0. If we place 
the topology of pointwise convergence of coefficients on A and B, then both algebras are 
Q-algebras, since the set of series with zero constant term is clearly closed. 

§2 Spectral Invariance of Mn{A) 

If A is an algebra, let M„(A) denote the n by n matrices over A. 

Theorem 2.1. Let ^p: A ^ B be an algebra homomorphism, with dense image, and 
assume that B is a Q-algebra. Then A is SI in B iff Mn{A) is SI in Mn{B). 

Proof: We prove the forward direction. Assume that A is SI in S. We will show that 
condition (iii) of Theorem 1.4 holds for the pair M„(A), M^^B). We first need a lemma. 

Lemma 2.2. Let A be any algebra, V a simple Mn{A)-module. Then V is a direct 

sum 

n 

1 

6 



where Vq is a simple A-module. 



Proof: Simple exercise using matrix units. Q.E.D. 

Let K be a simple M^(^)-module. By the lemma, V = 0^ Vq where Vq is a simple 
^-module. Since A is SI in B and S is a Q-algebra, we can extend Vq to a 5-module Wq. 
Then W = 0^ Wq is an M„(5)-module in a natural way, containing V. Hence Mn{A) is 
SI in MniB). Q.E.D. 

Since (Hi) =^ (i) in Theorem 1.4 did not require S to be a Q-algebra, we did not need 
to check that Mn{B) is a Q-algebra in Theorem 2.1. It is true by [12, Lemma 2.1] that 
if B is good, then Mn{B) is good. However, I do not know if this is true with "good" 
replaced by "Q-algebra" . 

Corollary 2.3. If A is a dense Prechet subalgebra of a C*-algebra B, then Theorem 
2.1 is true with "spectral invariant" replaced by "closed under the holomorphic functional 
calculus". 

Remark 2.4. B. Gramsch has an unpublished proof of Theorem 2.1 which works 
if S is a good topological algebra with jointly continuous multiplication. This proof was 
also noticed by Bost in [3, Proposition A. 2. 2], and is very similar to the proof of [7, 
Proposition 1.8.4]. The proof fits roughly into the following two steps. Step 1 was first 
proven by Swan in [12, Lemma 1.1]. 

Step 1. Assume both A and B are unital (the nonunital case follows easily from the 
unital case). For simplicity, we assume n = 2. Since S is a good topological algebra with 
jointly continuous multiplication, we can find a neighborhood V of the identity in Mn{B) 
such that 



implies 622, and 622 — ^2it'ii ^^12 are all invertible in B (note we have used the fact that 
inversion is continuous here). If A is SI in B and 





1 

-O'210'il 
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is easily seen to be an inverse for [ay]. (To construct this inverse, we have simply done 
elementary row and column operations to put the matrix into diagonal form, then cleared 
the diagonal.) 

Step 2. Next we note that if we can find such a neighborhood V as in step 1, 
then Mn{A) is SI in Mn{B). For let a G M„(y4) n invMn(S). By density, there are 
01,02 e Mn{A) such that oio e V, 002 G V. It follows that o is invertible in Mn{A). 
This is the argument for the last statement of [8, Lemma 5.3], which is also given in [3, 
Proposition A. 2. 2]. 

Question 2.5. Do there exist Q-algebras without continuous inversion ? The field 
without continuous inversion described in [13, IX. 2] may be such an example, however I 
have not been able to fill in the details of this example, and have heard that others have 
had the same problem. 

§3 Examples 

Example 3.1. We give an example of a non SI dense Banach subalgebra of a 
C*-algebra with an open group of invertible elements. 

Let S = C[— 1, 1]. Let A be the set of elements of B which extend to analytic functions 
on the open disc {2;eC||z|<l}, continuous on the boundary. The sup norm over the 
whole disc makes A a Banach algebra. The subalgebra A is not SI since z + 2; is invertible 
in B. For a simple ^-module not extending to any S-module, let F = C, /c = f{—i)c. 

We use Theorem 1.4 to show that some dense subalgebras are not spectral invariant. 

Example 3.2. Let Z act on T by an irrational rotation a. Let B be the C*-crossed 
product C*(Z, C(T), a), and let ^ = C~(Z x T), the convolution algebra of C°° functions 
with compact support on Z x T. The representation of A on C°°{T) given by 

(FfXz) = J2 F{n,z)e--f{e-^"-z), (3.3) 

neZ 

where F e A, f e C°°{T) and 2 e T, is not contained in any S-module, since the 
character n 1— > e~'^ does not give a character of C*(Z). We show that (3.3) defines an 
algebraically irreducible representation of A. If / G C°° (T) and / is not identically zero, 
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then I/I e C°°(T)f C Af. So Af contains a nonnegative and nonzero function, and all 
of its translates by multiples of a. Since T is compact, the sum of finitely many of these 
translates never vanishes on T. Call this sum g. Then C°°{T) C C°°(T)g C Af. Thus 
the representation is algebraically irreducible. By Theorem 1.4, A is not spectral invariant 
in B. We remark that if the action of Z on a manifold M is proper, then the convolution 
algebra C^(Z x M) is SI in the C*-crossed product [1, Appendix]. 

Example 3.4. Let G be the real ax + b group, defined as with multiplication 
(a, 6)(c, d) = {a + c, e°'d + b). We define a dense subalgebra of C*{G) consisting of "expo- 
nentially decreasing" Schwartz functions, which we show is not spectral invariant. Define 
uj{a, b) = 1 + el''l -\-\b\ -\-\e~°'b\ . Then a; is a submultiplicative function (or weight) on G, and 
we define the c<;-rapidly vanishing differentiable functions on G to be those differentiable 
functions ip from G to C satisfying 



for each differential operator D on G and each natural number d. Here dg denotes the left 
Haar measure on G. This space S^{G) is then a dense m-convex Frechet *-subalgebra of 
C*{G) [11, §1]. Left Haar measure on G is given by (i//(a, b) = e~°'dadb, where (a, b) G 
and dadb is Lebesgue measure on R'^. The character 



defines a simple S'*^(G)-module not contained in any C* (G)-module, since the character 
(a, b) ^ e** of G is not unitary. So S'^(G) is not SI in C*{G). 

We conclude with two examples of what happens in Theorem 1.4 (i) =^ (iii) when the 
condition that S is a Q-algebra is dropped. 

Example 3.7. We give an example of a pair of topological algebras such that A is 
SI and dense in B, invB is not open, and there is a simple ^-module not contained in any 
S-modulc. Let B = C[X, Y], A = C[Z, Y], the sets of complex polynomials in X,Y and 
Z, Y respectively. Identify A with a subalgebra of B by mapping Z to X {1 — Y) . 

We give B the following locally convex Hausdorff topology. Let C[[X,Y]] be the 
algebra of power series in two variables. If n,m e N, we define ideals In,m =< X'^,Y'^ > 




(3.5) 




(3.6) 
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in C[[X, Y]]. Then we say that fk — > /o in C[[X, Y]] if and only if //, — /o is eventually in 
every In,m- Let B C C[[X,Y]] have the relative topology. With this topology on B, we 
see that X{1 — Y){l + Y + ... V^) converges to X as n ^ oo, so X e ^ and A is dense 
in B. The units in both algebras are the constants, so A is SI in B, and inv5 is not open. 
Evaluation at Z, Y = 1 gives a simple A-module contained in no S-module. 

Example 3.8. We investigate further what happens in Theorem 1.4 if we drop 
the hypothesis that invB is open. It is still true (in the implication (z) =^ (Hi)) that if 
an extension exists it can be taken simple. However, we show by example that extensions 
may always exist, but we may not be able to take our extension to be continuous, or have 
dense inclusion. In fact, in our example V is one-dimensional, but any extension W is 
discontinuous and infinite dimensional. 

1. Let B = s(N), the sequences of (possibly unbounded) complex numbers with 
pointwise multiplication and the topology of pointwise convergence. This space is a com- 
plete, unital, locally convex, m-convex Frechet algebra over C (see [9, Example 3.7]). An 
element of B is invertible iff it is never zero. One easily finds a sequence of non-invertible 
elements converging to 1, so invB is not open. Hence we know by [14] that B will have 
discontinuous infinite dimensional simple modules. 

2. We characterize all simple S-modules, or equivalently all maximal ideals. Let U 
denote the set of ultrafilters on N (see [4]). For any F E U we define an ideal in B by 

lF = {beB \ 3S e F(bn = 0^neS) } (3.9) 

One easily checks that this is a maximal ideal, and that every maximal ideal arises in this 
way. For each p G N, we have a maximal ideal Ip = {b E B \ bp = 0}. Such a maximal 
ideal corresponds to the principal ultrafilter Fp = {5'CN|peS}. There are many 
non-principal ultrafilters on N (see [4, Theorem 7.1]). 

Any non-principal ultrafilter F contains all cofinite sets so that Ip contains all finitely 
supported sequences in B. Thus Ip is a dense maximal ideal in B and B/Ip is a discon- 
tinuous simple S-module. One can find elements of B/Ip which are not scalar multiples 
of the identity, so that B/Ip is a proper field extension of the algebraically closed field C. 
Hence B/Ip is infinite dimensional over C. 

3. Now we define our dense subalgebra A to be the algebra of all finitely supported 
sequences Sj:(N) with unit adjoined. Let V be the trivial ^-module, defined hy V = C 
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with action (s + \)z = Xz, for s e Sf{N), A e C, and z & V. Clearly Sf{N) is the kernel 
of this representation, so the kernel of any irreducible representation of B containing V 
is a maximal ideal containing Sj(N). Hence any extension of F to a simple 5-module W 
must be of the form W = B/Ip for some non-principal ultrafilter F. Hence there is no 
extension of F to a continuous simple S-module. 

4. We note, however, that every simple ^-module does have an extension to a B- 
module (so that (i) =^ {in) does not fail). To show this, we classify all simple ^-modules 
by noting that S/(N) is dense and SI in the C*-algebra co(N) of sequences tending to zero 
at infinity with the sup norm topology. By Theorem 1.4, all simple A-modules extend to 
simple Co(N)- modules. Thus the only simple A-modules are the point evaluations and the 
trivial module V defined in 3, all of which extend to i?-modules. 
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